The phase stability of icosahedral boron subselenide B 12 (B 1−x Se x ) 2 , where 0.5 x 1, is explored using a first-principles cluster expansion. The results shows that, instead of a continuous solid solution, B 12 (B 1−x Se x ) 2 is thermodynamically stable as an individual line compound at the composition of B 9.5 Se. The ground-state configuration of B 9.5 Se is represented by a mixture of B 12 (Se-Se), B 12 (B-Se), and B 12 (Se-B) with a ratio of 1:1:1, where they form a periodic ABCABC . . . stacking sequence of B 12 (Se-Se), B 12 (B-Se), and B 12 (Se-B) layers along the c axis of the hexagonal conventional unit cell. The structural and electronic properties of the ground-state B 9.5 Se are also derived and discussed. By comparing the derived ground-state properties of B 9.5 Se to the existing experimental data of boron subselenide B ∼13 Se, I proposed that the as-synthesized boron subselenide B ∼13 Se, as reported in the literature, has the actual composition of B 9.5 Se.
I. INTRODUCTION
Icosahedral boron-rich solids have become appealing to the materials research community over the past few decades. This is attributed to their unique characteristic of the three-center two-electron chemical bonds, giving rise to several outstanding properties, e.g., high chemical and thermal stabilities, high hardness, high melting temperature, and low wear coefficient [1] [2] [3] [4] [5] [6] [7] [8] . Together with the small atomic mass of boron, the solids also exhibit relatively low density and are thus promising candidates for a wide range of technological applications [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] .
Among a large number of known icosahedral boron-rich solids, having been studied and reported in the literature, boron subselenide is probably the least studied. As far as I am aware, there has been only one experimental work on boron subselenide, reporting successful synthesis of the material [17] . The Rietveld analysis of the diffraction patterns obtained from x-ray powder diffraction reveals that the crystal structure of the as-synthesized boron subselenide at the claimed composition of about B 13 Se is an α-boron derivative, and the space group is R3m [17] . That is, 12-atom icosahedral clusters, composed purely of boron, are located at vertices of a rhombohedral unit cell, together with two additional atoms filling the socalled 6c interstitial sites between the icosahedra. Since the interstitial sites can be occupied either by selenium or by boron [17] , the formula of icosahedral boron subselenide can be designated as B 12 (B 1−x Se x ) 2 . The substitution of boron for selenium at the interstices subsequently gives rise to interesting but unanswered questions, concerning stable compositions of B 12 (B 1−x Se x ) 2 and their favored atomic configurations of B and Se atoms, in particular at the 6c interstitial sites.
In the present work, I aim to address the above questions, related to boron subselenide. I implement the cluster expansion * annop.ektarawong@liu.se method combined with first-principles calculations in order to search for energetically stable compositions of B 12 (B 1−x Se x ) 2 and relevant atomic configurations. The calculated results suggest that, instead of a continuous solid solution, B 12 (B 1−x Se x ) 2 is an individual line compound, thermodynamically stable at the composition of B 9.5 Se. In addition, the predicted ground state, order-disorder transition, and some intrinsic properties of B 9.5 Se are reported and compared with the existing experimental data of icosahedral boron subselenide [17] to validate the presently theoretical predictions. Also, the predicted ground state of B 9.5 Se is expected to serve as a starting configuration for further theoretical investigation-for example, atomistic modeling of brittle failure and amorphization in B 9.5 Se using the ab initio molecular-dynamics (AIMD) simulations, as previously carried out for icosahedral boron carbide (B 4 C) [18] [19] [20] .
II. METHODOLOGY

A. First-principles calculations
The first-principles total energies of all configurations of the B 12 (B 1−x Se x ) 2 alloy, considered in the present work, are calculated from the density functional theory (DFT), where the projector augmented wave (PAW) method [21] as implemented in the Vienna ab initio simulation package (VASP) [22, 23] , and the generalized gradient approximation (GGA) proposed by Perdew, Burke, and Ernzerhof (PBE96) [24] for the exchange-correlation functional, are used. I employ the 9 × 9 × 9 Monkhorst-Pack k-points mesh [25] for sampling of the Brillouin zone, while the energy cutoff for plane waves, included in the expansion of wave functions, is set to 500 eV. I also assure that the calculated total energies are converged within an accuracy of 1 meV/at with respect to both the number of k points and the energy cutoff. Note that, during the total energy calculations, the internal atomic coordinates, volume, and cell shape of B 12 (B 1−x Se x ) 2 are fully relaxed. The electronic density of states of B 12 (B 1−x Se x ) 2 is calculated via the tetrahedron method for the Brillouin zone integrations [26] .
B. Cluster expansion method
Following the cluster-expansion (CE) formalism proposed by Sanchez et al. [27] , any quantity that is strictly a function of the atomic arrangement on a lattice, generally referred to as a configuration-for example, the energy E-can be formally expanded into a sum over correlation functions ξ ;
E CE (σ ) is the total energy for a given configuration σ . ξ α is defined as the effective cluster interaction (ECI) of figure α. To describe the atomic configuration σ of icosahedral boron subselenide, the spin variable σ i is assigned to take on a value of +1 or −1 if the lattice site i is occupied by a boron or selenium atom, respectively. Thus, the atomic configuration σ of boron subselenide can be uniquely specified by a set of spin variables {σ i }. The n-site correlation function ξ (n) α of figure α can then be determined by the products of the spin variables σ i ;
where the sum of the products in the parentheses runs over all symmetrically equivalent clusters, f ∈ α. Even though the expansion, expressed in Eq. (1), is analytically exact in the limit of inclusion of all possible clusters, it must be truncated for all practical proposes. In the present work, the cluster expansion method is performed by the MIT Ab initio Phase Stability (MAPS) code [28] , as implemented in the Alloy-Theoretic Automated Toolkit (ATAT) [29] , to truncate the expansion in Eq. (1) and to determine the effective cluster interactions. The interactions are determined in such a way that Eq. (1) returns the total energies as close to those obtained from first-principles calculations as possible for σ included in the expansion. Implementation of the cluster expansion to search for the ground states of B 12 (B 1−x Se x ) 2 will be further described and discussed in Sec. III D.
III. RESULT AND DISCUSSION
A. Initial B-Se convex hull
As a first step, I consider the thermodynamic stability of two icosahedral boron subselenides at compositions of B 13 Se and B 6 Se, respectively, represented in the rhombohedral primitive unit cell of 14 atoms by B 12 (Se-B) and B 12 (Se-Se), as shown in Fig. 1 . B 12 stands for the icosahedral cluster, while "-" in the parentheses denotes a vacancy residing between the two 6c interstitial atoms. The former composition is inspired by the experimental work of Bolmgren and Lundström [17] , reporting successful synthesis of icosahedral boron subselenide of the claimed composition of about B 13 Se. The latter composition is, on the other hand, motivated by the idealized stoichiometry of boron suboxide (B 6 O), which is also the icosahedral boron-chalcogen compound similar to boron subselenide and represented by B 12 (O-O) [30, 31] . Figure 2 illustrates the formation energy ( E form ) of B 12 (Se-B) as well as B 12 (Se-Se), determined with respect to their pure elemental phases, i.e., α-boron and gray selenium. As a complement in demonstrating the stability of the two icosahedral boron subselenides, I also consider BSe 2 , found to be a stable compound for the binary B-Se system [32] . As can be seen from In addition to the idealized configuration of B 13 Se and B 6 Se, given by an individual B 12 (Se-B) and B 12 (Se-Se), respectively, I look into the possibility for them to configurationally disorder, induced by high concentrations of structural defects: for example, (i) B/Se substitutional defects within the icosahedra and/or at the 6c interstitial sites, and (ii) Se and/or B vacancies at the 6c interstitial sites. In this section, I study different kinds of structural defects in the dilute limit, typically involved with only one or two atoms of boron and/or selenium, in the fully relaxed 2 × 2 × 2 rhombohedral primitive unit cells (112 atoms) of B 12 (Se-B) and of B 12 (Se-Se).
I observe that the defective structures, of which (i) B substitutes for Se at one of the 6c interstitial sites in the matrix of B 12 (Se-Se), and (ii) Se substitutes for B at one of the 6c interstitial sites in the matrix of B 12 (Se-B), are relatively stable with respect to nondefective B 12 (Se-B) and B 12 (Se-Se), indicated by their E form lying below the initial convex hull (not shown). On the other hand, E form of defective structures, where (i) Se substitutes for icosahedral B, or (ii) B and/or Se at the 6c interstitial sites are removed to form vacancies, or (iii) B substitutes for Se at the 6c sites to form a B-B interstitial unit, are found to be relatively high, and they are distinctly lying above the initial B-Se convex hull (not shown). These findings are in line with the Rietveld structural analysis of x-ray diffraction patterns of boron subselenide [17] , which shows that there is no substitution of Se for B occurring within the icosahedra. , and 5 6 , by using the superatom-special quasirandom structure (SA-SQS) approach [33] [34] [35] . For this particular case, two superatomic species, as shown in Fig. 1 , are defined for modeling the alloy. As can be seen from E form evaluated at 0 K in In the present section, I employ the cluster expansion method, as implemented in the ATAT package [28, 29] , to search for ground-state configurations of the B 12 (B 1−x Se x ) 2 alloy. First, I establish a database of different configurations σ of B 12 (B 1−x Se x ) 2 using an algorithm developed by Hart and Forcade [36] . It has been shown in the previous section that no substitution of Se for B takes place within the icosahedra. One can thus presumably exclude the icosahedral atoms from the cluster expansion procedure, leaving them as spectators, and only those residing at the 6c interstitial sites will be considered in the cluster expansion. In addition, I have found that the substitution of B for Se at the 6c sites of B 12 (Se-B) to form a B-B interstitial unit is very unlikely for B 12 (B 1−x Se x ) 2 . Taking into account such findings, I limit the composition of the B 12 (B 1−x Se x ) 2 alloy to 0.5 x 1, corresponding to the designation of B 13 Se to B 6 Se.
In this particular case, I generate a set of 5764 configurations of B 12 (B 1−x Se x ) 2 up to a supercell size of 84 atoms. The first few hundred generated configurations, whose total energies are already calculated from the first-principles approach, are chosen and included in the cluster expansion to extract ECIs up to four-body interactions. The initial ECIs (or Hamiltonian) obtained from the expansion of those input configurations are then used to predict the total energy of all generated configurations via Eq. (1) to search for the ground-state configurations.
The initial Hamiltonian may not do the prediction accurately, and thus it needs to be improved. To this end, a few hundred more low-energy configurations, predicted by the initial Hamiltonian, are singled out, their total energies are calculated using the first-principles approach, and they are included in the cluster expansion to rebuild the Hamiltonian. This procedure can be iterated until the cluster expansion of the total energy of the B 12 (B 1−x Se x ) 2 alloy is converged. The final fit includes 1141 configurations of B 12 (B 1−x Se x ) 2 in the cluster expansion, and the Hamiltonian employs a total of 82 ECIs. Apart from the zero-body and one-body interactions, the Hamiltonian is composed of 40 two-body interactions, 20 three-body interactions, and 20 four-body interactions. The final Hamiltonian fits the 1141 input configurations with the cross-validation score of 7.71 meV/site. The error distribution of the fit can be seen from Fig. 3(a) , where the formation energy ( E) of the 1141 input configurations, as computed by first-principles DFT and the CE method, is shown. Figure 3(b) illustrates the ground-state diagram at 0 K of icosahedral B 12 (B 1−x Se x ) 2 , where 0.5 x 1. As can be seen from Fig. 3(b) , the final Hamiltonian predicts, among the 5764 generated configurations, seven ground-state configurations at x = , 11 12 , and 1. In addition, among the configuration of known DFT-calculated energy, the DFTderived and CE-predicted ground states agree with each other, confirming the predictive power of the Hamiltonian. hull, indicating their phase decomposition at 0 K into the relevant competing phases, i.e., α-boron, the ordered ground state of B 9.5 Se and BSe 2 , through minimizing their formation energy under the condition of thermodynamic equilibrium. It is also worth noting that the impact of lattice vibrations is completely neglected in the present work.
The ground-state atomic configuration of B 9.5 Se can be seen as a periodic stacking sequence of type ABCABC . . . along the c axis of the hexagonal conventional unit cell of icosahedral boron subselenide (Fig. 5), where A A, respectively [17] . As can be seen, the theoretical lattice parameters slightly overestimated the experimental values by less than 1.5%. By taking into account the fact that the PBE96 functional, being used in the present work, usually overestimates the equilibrium lattice parameters by approximately 1% [37] , one can say that the obtained theoretical values of B 9.5 Se are in good agreement with the experiment. I thus suggest, based on the thermodynamic consideration in the present work, that the as-synthesized icosahedral boron subselenide B ∼13 Se, reported in Ref. [17] , has the actual composition of B 9.5 Se. A structural file in VASP format of the optimized ground-state configuration of B 9.5 Se is provided as online Supplemental Material [38] .
Next, I investigate the phonon density of states of the predicted ground-state configuration of B 9.5 Se in order to inspect its dynamical stability. In this case, the phonon density of states is derived at the level of harmonic approximation by using the PHONOPY package for phonon calculations [39, 40] , in which the force constants are calculated within 2 × 2 × 1 hexagonal conventional unit cells using the Parlinski-Li-Kawazoe method [41] with a finite displacement of 0.01Å. By considering the phonon density of states of the ordered ground state of B 9.5 Se, shown in Fig. 6 , its phonon frequencies are all positive, thus confirming its dynamical stability.
It is also of interest to investigate the relative stability between ordered and disordered states of B 9.5 Se, focusing on the configuration of B and Se atoms, residing at the 6c interstitial sites. To examine the configurational thermodynamics of B 9.5 Se, I utilized the Hamiltonian, obtained from Sec. III D, in canonical Monte Carlo (MC) simulations using the Easy Monte Carlo Code (EMC2) [42] , as implemented in ATAT [29] . In the present work, the simulation boxes of 18 × 18 × 12 rhombohedral unit cells (7776 interstitial atoms) are used. The simulations are performed within the temperature range of 50-3000 K, and the temperature step is 50 K. At each temperature, the simulations include 15 000 Monte Carlo steps (MCSs) for equilibrating the system and then 12 000 more MCSs for obtaining the proper average of the total energy as a function of temperature. The simulations reveal a configurational order-disorder transition of B 9.5 Se at 1550 K as indicated by a distinct peak in the configurational specific heat (Fig. 7) , derived from the obtained total energy. Figure 8(a) illustrates the electronic density of states of B 9.5 Se, obtained from the use of both PBE96 and HSE06 functionals. I note that the hybrid functional HSE06 is employed in this particular case, as it is known to yield a better description of electronic band gaps for semiconductors and insulators in comparison with the semilocal PBE96 functional. This is because of the partial inclusion of the nonlocal HartreeFock exchange energy within the HSE06 functional. As shown in Fig. 8(a) , B 9.5. Se are in both cases electrical semiconductors. The appearance of such semiconducting character of B 9.5. Se can be explained by the electron counting rules, proposed by Longuet-Higgins and Roberts [43] . According to their rules, an individual unit of B 12 (Se-B) is metallic due to the electrondeficient B 12 icosahedral cluster, needing an extra electron to complete its bonding states. An individual unit of B 12 (Se-Se), on the other hand, is electron-precise. This is in analogy to that of icosahedral boron suboxide B 6 O or B 12 (O-O), where the two oxygen atoms residing at the 6c interstitial sites are at the nonbonding distance [30, 44] . The deficiency of an electron in B 12 (Se-B) and the electron-precise state of B 12 (Se-Se) are both confirmed by first-principles calculations and are shown, respectively, in Figs. 8(b) and 8(c) .
However, in a situation in which B 12 (Se-Se) units are mixed together with B 12 (Se-B) and B 12 (B-Se) units to form the ground-state configuration of B 9.5 Se (see Fig. 5 ), I observe from the structural optimizations that the interatomic distance between the Se atoms residing at the 6c interstitial sites shrinks from the nonbonding distance of 2.945 to 2.511Å. The shrinkage of the interatomic distance between the interstitial Se atoms results in an arrangement of diatomic chains of Se, and in turn contributes to an excess electron of two. It is also worth noting that the ground-state configuration of B 9.5 Se, predicted in the present work, is in line with the suggested electron-precise configuration of boron subselenide, based on the analysis of Bolmgren and Lundström [17] . The PBE96-and HSE06-estimated electronic band gaps of the ground-state B 9.5 Se, measured from the distance between the highest occupied valence state and the lowest unoccupied midgap state, are 0.5 and 1.3 eV, respectively. Although the band gap of icosahedral boron subselenide has never been reported in experiments, the values of the band gap of B 9.5 Se, obtained in the presented work, can explain the dark brown color of the as-synthesized boron subselenide [17] .
IV. CONCLUSION
I employ the first-principles cluster-expansion method to study the thermodynamic stability at 0 K of icosahedral boron subselenide B 12 [17] . Also, the electronic band gap of B 9.5 Se, estimated from the hybrid functional (HSE06), is 1.3 eV. Such a band-gap value corresponds to the appearance of the dark brown pellet of the as-synthesized B ∼13 Se [17] . I thus suggest, based on these findings, that the as-synthesized boron selenide B ∼13 Se in Ref. [17] has the actual composition of B 9.5 Se. To verify the proposal, further investigations of icosahedral boron subselenide are required, in particular from the experimental aspect.
